Abstract. Fuzzy measures on multisets are studied in this paper. We show that a class of multisets on a finite space can be represented as a subset of positive integers. Comonotonicity for multisets are defined. We show that a fuzzy measure on multisets with some comonotonicity condition can be represented by a generalized fuzzy integral.
Introduction
Multisets or bags are a generalization of sets in which multi-occurrences of elements are allowed. They have been used in the areas of mathematics and computer science [12] , among other disciplines.
Standard set operations as union and intersection have been defined for multisets. Other operations have been defined as well. In this paper we focus on fuzzy measures and integrals on multisets. Some preliminary results on fuzzy measures on multisets were presented in [17, 10] .
Fuzzy measures, also known as non-additive measures, are monotonic set functions on a reference set. They generalize additive measures (probabilities) not requiring the measure to be additive and replacing this axiom by the one of monotonicity. Fuzzy integrals have been defined which integrate a function with respect to a non-additive measure. The most well known fuzzy integrals are the Sugeno integral [13, 14] and the Choquet integral [3] . See [16] for a state-of-the-art description of the field.
In this paper we focus on fuzzy measures and Choquet integral on multisets. We show that a class of multisets can be represented as subsets of positive integers. We also define comonotonicity for multisets, and we show that a fuzzy measure on multisets, with some comonotonicity condition, can be represented by a Choquet integral.
The structure of the paper is as follows. In Section 2 we review some definitions that are needed in the rest of the paper. In Section 3 we focus on the representation of integrals on finite multisets. In Section 4, we present a way to extend a fuzzy measure on the class of measurable sets to the class of multisets. We finish the paper with some concluding remarks on Section 5.
Preliminaries
This section is divided in two parts. First we review the definition of Choquet and Sugeno integrals, and then some definitions related to multisets.
Choquet Integral
Here we present the definition of fuzzy measures and of the Choquet integral. The Choquet integral integrates a function with respect to a fuzzy measure. Definition 1. Let X be a universal set and X be a σ -algebra of 2 X . Then, (X, X ) is called a fuzzy measurable space. We say that a function f :
Definition 2. [4]
Let f and g be X -measurable functions on X; then, we say that f and g are comonotonic if
for x, y ∈ X. Definition 3. [14] Let (X, X ) be a fuzzy measurable space; then, a fuzzy measure μ on (X, X ) is a real valued set function, μ : X −→ R + with the following properties.
A triplet (X, X , μ) is said to be a fuzzy measure space. Definition 4. [3, 8] Let (X, X , μ) be a fuzzy measure space and let f be a non-negative X -measurable function; then, the Choquet integral of f with respect to μ is defined by
Let f , g be comonotonic measurable functions. Then, since for all a, 
We call this property the comonotonic additivity of a Choquet integral.
Multisets
Let X be a universal set. Then, a multiset M of X is characterized by the count function C M : X → N := {0, 1, 2,...}. Here, C M corresponds to the number of occurrences of the object x ∈ X.
We denote by M (X) the class of multisets of X.
We can express M in Example 1 either as M = (3/a, 2/b) or as M = ((a, 3), (b, 2)).
Definition 5. Let M, N ∈ M (X). Then, we define:
-the inclusion of multisets by
for all x ∈ X; -the equality of multisets M = N by
Let M ∈ M (X). Then P(M) denotes the class of subsets of multiset M, that is,
Definition 6. Let A, B ∈ M (X), and let α ∈ N. Then, we define some binary operations on M (X). Definitions include union, intersection, addition of two multisets and multiplication of a multiset by an integer. In these definitions, ∨ corresponds to the maximum and ∧ to the minimum.
where x ∈ X and C A is the count function of A. 
Proposition 2. Let A, B ∈ M (X). We have
A ∩ B ⊂ A ∪ B ⊂ A + B
c). Then we have
(i) A ∪ B = (a, a, b, b, c) (ii) A ∩ B = (a, b) (iii) A + B = (a, a, a, b, b, b, c)
Repesentation of Integral on Finite Multisets
Let X be a finite universal set and |X| = n. Let P be the set of prime numbers, that is, P := {2, 3, 5, 7,...,}. Since X is a finite set, there exists a one to one mapping ϕ X from X to a subset of P, that is, ϕ X : X → {p 1 , p 2 ,. .. , p n }.
Let M ∈ M (X). We have an induced one to one mapping Φ X from M (X) to a subset S of natural numbers by
. In this case we say that Φ X (M) is a natural number representation of a multiset M.
Let M ∈ M (X). We have 
Conversely the Choquet integral on the set of positive integer can be regarded as the Choquet integral on multisets.
Remark. Since a multiset on a finite universal space can be regarded as a positive integer, a class of multisets can be regarded as a subset of the positive integers, and a function on a class of multisets as a function on a subsets of positive integers. This shows that to study a function and the integral on the class of multisets, which seems complicated, is identical to the study of functions and integrals on subsets of positive integers as long as the universal set is finite.
As a special case of this fact, a fuzzy measure and the integral on the discrete space is identical with the ones on finite subsets of prime numbers.
From this point of view, it is natural to study the fuzzy integral on multisets if the universal space is finite or countable.
If the universal space is not countable, the representation above is impossible. (a, a), (a, b) 
Example 6. Let X := {a, b} and N := {(a),
and a fuzzy measure on
Then we have
Using a natural number representation, we have
The example above can be regarded under the next scenario. 
Note that a single apple is not sold there.
Let us consider that a customer, Tom, wants to buy 20 oranges and 5 apples. Then, the fuzzy measure μ( * ) is the price of packed fruits, which has discount for a specific combination. In addition, the function f (A) corresponds to the number of packed fruits A that the customer buys.
Then the Choquet integral of f with respect to μ is the total price Tom should pay.
In such scenario, the problem is to minimize the total price. In Example 6 we had that the Choquet integral is 21. Alternatively, if we define the function g on N by g ((a)) = 1, g((a, a)) = 7, g((a, b) ((a, a))− g((a, b) ))μ ({(a, a)})+(g((a, b))−g((a)))μ({(a, a), (a, b) 
Therefore (C) gdμ < (C) f dμ, that is, g is better selection of packs than f .
For this scenario, for established prices μ, when Tom wants to buy the multiset M ∈ M , his best selection with respect to the final price would be the function f :
and with a minimal Choquet integral. Formally:
Distorted Measure on Multisets and Integral
Let X be finite. We can define a fuzzy measure μ on 2 X . Let M be a multiset on X, then
We call this representation the comonotonic additive representation of C M . Note that the comonotonic additive representation of a M is unique. Then we can define an extensionμ of fuzzy measure μ to a multiset M bȳ
with a i > 0 and
We say thatμ is a comonotonic extension of μ.
we have the next proposition. Let g : R + → R + be monotone and g(0) = 0. We can define a fuzzy measure η on
for A ∈ N . We say that η is a distorted measure generated by μ and g. (c), (a, a, a, b 
We have Remark. We use Σ to define a distorted measure η in Equation 2. This can be extended using a binary operation with associativity [7, 1] . Moreover to define a comonotonic extension μ, we can use the generalized fuzzy integral [9] instead of Choquet integral. We can chose the suitable operation or integral instead of Choquet integral with respect to a distorted measure.
Conclusion
In this paper we have studied fuzzy measures and Choquet integral for multisets on a finite universal space. We have shown in Theorem 2 that Choquet integrals for multisets can be seen as a Choquet integral on a set of positive numbers. We have also shown an scenario where this type of measures and integrals can be applied. Finally, we have presented some results about distorted measures on multisets. We expect to have deeper results in the future using number theory. In particular, we will focus on the extension of the results to a generalized fuzzy integral, including the Sugeno integral.
